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We study the Josephson effect for a topologically nontrivial superconducting (TS) wire with
Majorana fermion end states and tunnel-coupled to s-wave BCS superconducting (S) electrodes.
In an S-TS junction, no supercurrent flow is possible under fairly general conditions. For the
S-TS-S junction, bulk TS quasiparticles must be accessible to have a Josephson effect. In the
noninteracting case, we derive the exact current-phase relation (CPR) and find pi-periodic behavior
with negative critical current for weak tunnel couplings. Charging effects then cause the anomalous
CPR I(ϕ) = Ic cosϕ, where the parity-sensitive critical current Ic provides a signature for Majorana
states.
PACS numbers: 71.10.Pm, 73.23.-b, 74.50.+r
I. INTRODUCTION
The exciting physics of topological insulator (TI) and
topological superconductor (TS) materials currently en-
joys a lot of attention.1,2 The zero-energy Majorana
bound states (MBSs) located near the ends of a one-
dimensional (1D) TS wire have sparked immense the-
oretical activity,3,4 and first reports claiming experi-
mental evidence for MBSs have appeared.5 Majorana
fermions are special in that they are their own antiparti-
cles: Majorana creation and annihilation operators are
identical. MBSs may be useful for topological quan-
tum computation6 and can induce spectacular nonlocal
quantum phenomena.1–4,7–9 Possible realizations of Ma-
jorana wires include semiconductor quantum wires with
proximity-induced superconductivity for strong spin-
orbit and Zeeman couplings,10,11 nanowires made out
of TIs (e.g., Bi2Se3) deposited on a superconductor,12
and helical edge states in 2D hybrid HgTe/CdTe–
superconductor quantum well structures.8,13 AMajorana
wire may effectively be realized also for a hole drilled
into a TI film coated by a superconductor,14 and for the
vortex core state in a 2D noncentrosymmetric15 or p-
wave16 superconductor. For a Majorana wire contacted
by normal-conducting electrodes, the conductance ex-
hibits resonant Andreev reflection when Coulomb charg-
ing effects are negligible,16–20 electron teleportation un-
der strong Coulomb blockade conditions,8 and univer-
sal power law scaling in the intermediate regime.9 When
two TS wires are contacted, one expects the fractional
Josephson effect with 4pi-periodic current-phase relation
(CPR), I(ϕ), due to parity conservation.7,13,21,22 If the
junction also contains a topologically trivial supercon-
ductor (TS-S-TS), additional periodicities may occur.23
In this work, we discuss the ground-state supercurrent
flowing through the S-TS and S-TS-S junctions schemat-
ically shown in Fig. 1. The left/right (j = L/R) elec-
trodes correspond to standard s-wave BCS superconduc-
tors with (for simplicity identical) gap ∆ and fixed phase
ϕj . The 1D Majorana wire contains a pair of decoupled
MBSs at its ends. We consider a finite proximity-induced
TS gap ∆w and take into account the (p-wave type) TS
quasiparticles. For the S-TS-S junction with a floating
(not grounded) Majorana wire, we also include a capac-
itive Coulomb interaction via the charging energy Ec.
In practice, depending on the experimental realization,
there can also be a parallel channel for Cooper pair trans-
fer involving only the superconducting substrate, and we
here focus only on the Josephson current involving the
TS wire.
Our main results are as follows. (i) For the S-TS junc-
tion, the supercurrent is completely blocked for large
∆w and/or for pointlike tunneling contacts. We provide
a general condition explaining this supercurrent block-
ade. This has far-reaching consequences for the Joseph-
son current through a Majorana wire whenever s-wave
superconducting electrodes are involved. (ii) In S-TS-
S junctions, a finite supercurrent is only possible when
quasiparticles (or other fermion excitations, e.g., a sub-
gap impurity level) on the Majorana wire are accessible,
at least for virtual transitions. (iii) For the noninteract-
ing (Ec = 0) S-TS-S junction, we provide the analytical
solution for the CPR. This solution shows that the frac-
tional 4pi-periodic Josephson effect is absent in this setup.
For weak tunnel couplings, we find a pi-periodic CPR ex-
hibiting pi-junction behavior (negative critical current).
(iv) Expanding in the tunnel couplings and allowing for
Ec 6= 0, we find the anomalous CPR
I(ϕ) = Ic cosϕ, (1)
with the critical current Ic in Eq. (38) below. Ic is parity-
sensitive and could be used to detect Majorana fermion
states.
The structure of this paper is as follows. We first dis-
cuss the simplest S-TS junction in Sec. II and establish a
general criterion for supercurrent blockade. The S-TS-
S junction case is addressed in Sec. III by functional
integral techniques. Besides allowing for some general
conclusions, this leads immediately to the exact Joseph-
son CPR in the noninteracting limit, which we discuss in
Sec. IV. In Sec. V, we then address the strongly interact-
ing case by perturbation theory in the tunnel couplings.
We finally offer some conclusions in Sec. VI. We mostly
use units with ~ = 1 below.
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Figure 1: (Color online) Schematic Josephson junction se-
tups involving a Majorana wire (TS) with proximity-induced
gap ∆w and phase χ. Black dots stand for MBSs. The elec-
trodes are s-wave BCS superconductors (S) with gap ∆ and
fixed phase ϕj=L/R. Tunneling processes between an S elec-
trode and the respective MBS and/or TS quasiparticle states
are indicated by red dashed arrows. (a) S-TS junction. (b)
S-TS-S junction with charging energy Ec = e2/(2C).
II. S-TS JUNCTION
We start with the grounded Majorana wire shown in
Fig. 1(a). First, the BCS Hamiltonian describing the left
S electrode is
HL =
∑
k
Ψ†k
(
ξkσz + ∆σxe
iϕLσz
)
Ψk, (2)
with Nambu spinor Ψk = (ck,↑, c
†
−k,↓)
T . Here, c†k,σ
creates an electron with momentum k, spin projection
σ =↑, ↓= ± and normal-state dispersion ξk. Pauli matri-
ces σx,z act in Nambu space.
The TS wire contains a pair of decoupled zero-energy
MBSs near its ends. These are described by Majorana
fermion operators, γj=L/R = γ
†
j , with anticommutator
algebra
{γj , γj′} = δjj′ . (3)
It is convenient to combine the two Majorana operators
into a single auxiliary complex fermion,
d = (γL + iγR)/
√
2. (4)
We also include the bulk (p-wave type) TS quasiparticles.
The wire Hamiltonian is written in terms of right/left
(α = r/l) moving fermion operators f†q,α. These describe
TS quasiparticles with (discrete) 1D momentum q and
Fermi velocity vF ,
Hw =
∑
q
(
f†q,r
f−q,l
)T (
vF q ∆we
−iχ
∆we
iχ −vF q
)(
fq,r
f†−q,l
)
.
(5)
Note that the zero modes γL,R do not appear in Hw.
Following, e.g., Ref. 19, the S-TS contact is modeled
by the general tunneling Hamiltonian
Ht =
∑
k,σσ′
ˆ
dx c†k,σTk,σσ′(x)ψσ′(x) + H.c. (6)
with the field operator ψσ(x) for electrons with spin pro-
jection σ in the TS wire. Note that the tunnel matrix el-
ements encoded in the kernel Tk,σσ′(x) may also describe
spin-flip scattering at the interface. Expanding ψσ(x)
in terms of the TS quasiparticle operators fq,α and the
Majorana fermions γj , we obtain
Ht =
∑
kσ
c†k,σψk,σ + H.c., (7)
ψk,σ = λk,σγL +
∑
q,α
tk,σ;q,αfq,α.
The complex-valued tunnel couplings λk,σ and tk,σ;q,α
now encapsulate the overlap integrals of the kernel
Tk,σσ′(x) with the Majorana and quasiparticle wavefunc-
tions in the TS wire, respectively. We stress that the
spin properties of an arbitrary TS wire (including the
Majorana wavefunctions) as well as spin-flip processes in
the contact are fully taken into account via the tunnel
couplings λk,σ and tk,σ;q,α.
SinceH = HL+Hw+Ht corresponds to noninteracting
fermions, the exact CPR,
I(ϕ) = (2e/~)∂ϕF (ϕ), (8)
can be obtained from the partition function,
Z(ϕ) = Tre−βH = e−βF , (9)
with inverse temperature β and phase difference ϕ =
ϕL − χ. After integration over the S electrons, the ϕ-
dependent part of the free energy comes from the action
piece
βFs =
ˆ β
0
dτ1dτ2
∑
k
Φ†k(τ1)Gk(τ1 − τ2)Φk(τ2), (10)
where Φk = (ψk,↑, ψ
†
−k,↓)
T with Eq. (7). The (Fourier-
transformed) anomalous S Green’s function is
Gk(ω) =
∆
ω2 + ξ2k + ∆
2
σxe
iϕσz . (11)
Using Gk(τ) = Gk(−τ) and Gk ∼ σx,y, we find Fs = 0
whenever the time-reversed partners ψk,↑ and ψ−k,↓ in
Eq. (7) are collinear,
ψ−k,↓ = ζkψk,↑, (12)
with some complex parameter ζk.24 This is a sufficient
(but not necessary) condition for supercurrent blockade
in an S-TS junction.
3To give some examples, consider the limit ∆w → ∞,
where no TS quasiparticles are accessible. In that case,
Eq. (7) yields ψk,σ = λk,σγL, which always satisfies
Eq. (12). In the absence of quasiparticles, an S-TS junc-
tion thus never carries a supercurrent. Similarly, Eq. (12)
trivially holds for a spin-polarized TS wire, where ζk = 0.
However, for a point-like tunneling contact with
λk,σ → λσ, tk,σ;α,q → tσ, (13)
Eq. (12) is generally not satisfied. Nonetheless, as we
show in Sec. IV, the supercurrent also vanishes in this
limit.
In order to rationalize why the supercurrent in a S-
TS junction is blocked, we note that the condition (12)
implies a suppression of the Josephson effect unless non-
collinear time-reversed states are available in the TS wire.
However, the point-like tunneling example [Eq. (13)]
also indicates that the supercurrent blockade occurs even
when the noncollinearity requirement is met, and a full
explanation of the general supercurrent blockade is there-
fore more subtle.
III. S-TS-S JUNCTION
In this section, we consider the Majorana wire between
two S electrodes, see Fig. 1(b), whereHw is supplemented
by the interaction term8
Hc = Ec
2Nˆ + nˆd −N0 + ∑
q;i=1,2
nˆ
(qp)
q,i
2 . (14)
Cooper pairs in the wire are described by the number
operator Nˆ with conjugate condensate phase χ. Note
that the operator e−iχ (eiχ) lowers (raises) the Cooper
pair number (N) by one unit. The occupation of the
d fermion level corresponding to the two MBSs is given
by nˆd = d†d, and the number N0 in Eq. (14) can be
continuously tuned by a backgate voltage, cf. Fig. 1(b).
The last term in Eq. (14) describes the occupation of
TS quasiparticle states, nˆ(qp)q,i = η
†
q,iηq,i, where Eq. (5) is
written in diagonal form,
Hw =
∑
q
∑
i=1,2
Eqη
†
q,iηq,i, (15)
with fermion operators ηq,1 (particle-like) and ηq,2 (hole-
like) for positive energy
Eq =
√
v2F q
2 + ∆2w. (16)
The ηq,i are connected to fq,α by a canonical charge-
conserving transformation,(
fq,r
e−iχf†−q,l
)
=
(
uq −vq
vq uq
)(
ηq,1
e−iχη†q,2
)
, (17)
where
uq = v−q =
√
(1 + vF q/Eq)/2. (18)
The full Hamiltonian,
H = HL +HR +Hw +Hc +Ht, (19)
also includes a BCS term HR for the right S electrode,
see Eq. (2), with ϕ ≡ ϕL−ϕR, and the tunneling Hamil-
tonian
Ht = H
(γ)
t +H
(qp)
t . (20)
In what follows, point-like tunneling contacts satisfying
Eq. (13) are assumed for simplicity. Taking into account
charge conservation,9
H
(γ)
t =
1√
2
∑
k
[
λL,σc
†
k,L,σ
(
d+ e−iχd†
)
(21)
− iλR,σc†k,R,σ
(
d− e−iχd†)]+ H.c.
describes tunneling between states in lead j = L/R and
the corresponding Majorana fermion γj with amplitude
λj,σ. Quasiparticle tunneling is contained in [see Eqs. (7)
and (17)]
H
(qp)
t =
∑
k,j,σ
tj,σc
†
k,j,σηw + H.c., (22)
ηw =
∑
q
[
uq (ηq,1 + ηq,2) + vqe
−iχ
(
η†q,1 − η†q,2
)]
.
With the (normal-conducting) lead density of states ν0,
we introduce the hybridization scales
Γj = 2piν0
∑
σ
σλj,σt
∗
j,−σ, Γ˜j = 2piν0
∑
σ
λj,σt
∗
j,σ,
Γλ,j = 2piν0
∑
σ
|λj,σ|2, Γt = 2piν0
∑
j,σ
|tj,σ|2. (23)
Now we are ready to address the CPR. For Ec 6= 0,
no exact solution can be obtained anymore, but general
insights follow again by considering the partition function
Z(ϕ) in Eq. (9). Moreover, the exact CPR for Ec = 0
reported in Sec. IV directly follows from our expressions
below. After integration over the lead fermions,
Z(ϕ) = Tr
(
e−β(Hw+Hc)T e−(SM+Sqp+Sint)
)
, (24)
where T denotes imaginary-time (τ) ordering and the
trace indicates functional integration over the phase field
χ(τ), Majorana fields γL/R(τ), and quasiparticle fields
(ηw, η¯w)(τ). Using the hybridization parameters (23) and
the auxiliary function
f(τ) =
ˆ
dω
2pi
fωe
−iωτ , fω =
1√
ω2 + ∆2
, (25)
4the action SM in Eq. (24) comes from the Majorana fields
only,
SM =
ˆ
dτ1dτ2f˙(τ1 − τ2) (26)
×
∑
j,j′
Λj,j′(χ1, χ2)γj(τ1)γj′(τ2),
where j = L/R = +/− and χi=1,2 = χ(τi). The matrix
kernel Λ is given by
Λj,j =
∑
j′
Γλ,j′
8
[1 + cos(δχ) + σjj′(cosχ1 + cosχ2)],
Λj,−j = ±
∑
j′
Γλ,j′
8
[sin(δχ)− σjj′(sinχ1 + sinχ2)],
where σjj′ = sgn(jj′) and δχ = χ1 − χ2. Importantly,
SM in Eq. (26) does not depend on the phase difference
ϕ. For ∆w → ∞, the action piece Sqp + Sint does not
contribute, and therefore there is no Josephson effect in
this limit.
Turning to finite ∆w, H
(qp)
t results in
Sqp = Γt
ˆ
dτ1dτ2f˙(τ1 − τ2)η¯w(τ1)ηw(τ2), (27)
which is also independent of ϕ. The only ϕ-dependent
action piece, which ultimately can be responsible for a
Josephson current, involves Majoranas and quasiparti-
cles,
Sint =
ˆ
dτ1dτ2
2
√
2
∑
j
γj(τ1)Lj(τ1, τ2)ηw(τ2) + H.c., (28)
with the kernels (j = L/R = +/−)
Lj(τ1, τ2) = Γ˜
∗
j f˙(τ1 − τ2) (29)
× [1 + e−iχ1 ± i(1− e−iχ1)]
+ i∆Γ∗jf(τ1 − τ2)
[
ieiϕj (1 + eiχ1)
±eiϕ−j (1− eiχ1)
]
.
This implies that the magnitude of the Josephson current
is controlled by the ratio |ΓLΓR|/∆2w. In particular, I =
0 when this ratio vanishes. Equation (29) also tells us
how s-wave Cooper pairs are transported through the
Majorana wire, namely by creation (d†η†w) or annihilation
(e−iχdη†w) of charge 2e (plus the conjugate processes).
These processes simultaneously involve Majorana states
and bulk TS quasiparticles.
IV. NONINTERACTING LIMIT
For Ec = 0, we again have a system of noninteract-
ing fermions. The exact T = 0 CPR follows after some
algebra from the expressions in Sec. III,
I(ϕ) = −2e
~
ˆ ∞
0
dω
2pi
∂ϕ ln detM(ω), (30)
with the matrix Mjj′(ω) in left/right (j = L/R = +/−)
space. Using the notation [see also Eqs. (16), (23) and
(25)]
Xω =
(∑
q
1
ω2 + E2q
)−1
+ ω2fωΓt, (31)
the diagonal elements of M are given by
Mjj = 1 + fωΓλ,j +
f2ω
Xω
(
∆2 |Γj |2 − ω2
∣∣∣Γ˜j∣∣∣2) . (32)
Similarly, we find for the off-diagonal elements
Mj,−j =
f2ω
Xω
Re
[
∆2Γ∗jΓ−je
±iϕ − ω2Γ˜∗j Γ˜−j (33)
+ iω∆
(
Γ∗j Γ˜−je
iϕj + Γ˜∗jΓ−je
−iϕ−j
)]
.
We now draw several conclusions from Eq. (30).
First, for our point-like tunneling model, since only
the off-diagonal matrix elements [Eq. (33)] depend on
the phase difference ϕ, a single S-TS junction, where the
Majorana fermion γR is effectively not accessible, cannot
carry a supercurrent. This result was already announced
in Sec. II.
Second, exploiting current conservation, some algebra
reveals the periodicity
I(ϕ+ npi) = I(ϕ) (34)
in Eq. (30), with n = 2 or just 1 (see below). In par-
ticular, the S-TS-S junction does not allow for the frac-
tional 4pi-periodic Josephson effect omnipresent in TS-TS
junctions.4
Third, for a symmetric junction with ΓL = ΓR = Γ,
expanding Eq. (30) to lowest nontrivial order in the tun-
nel couplings yields25
I(ϕ) = −e∆
~
∣∣piνwΓ2/∆w∣∣2 G(∆w/∆) sin(2ϕ) (35)
with the density of states νw = L/(2pivF ) in a wire of
length L and the function
G(x) = x(2 + x)
4(1 + x)2
. (36)
Equation (35) describes a pi-periodic CPR with negative
critical current, Ic ∼ −|Γ/∆w|4. It is worth mentioning
that Ic is suppressed by the factor |Γ/∆w|2 compared
to the usual cotunneling limit. This suppression can be
traced back to the destructive interference of different
contributions of order Γ2. For finite Ec, this cancellation
is incomplete and we recover Ic ∼ |Γ/∆w|2, see Eq. (38).
V. WEAK TUNNELING LIMIT
In this section, we discuss the results of second-order
perturbation theory in the hybridizations (23), valid for
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Figure 2: (Color online) Anomalous current Ic in Eq. (1) vs
δ = 2N − N0 in the cotunneling regime of an S-TS-S junc-
tion. Ic is computed from Eq. (38) for ∆w/∆ = 4 and several
Ec/∆. Note that δ can be changed by varying a backgate, see
Fig. 1(b). Ic(δ) is periodic; we show one fundamental interval
only.
Q1 Q2 Q3
+ (ˆ1, ˆ2, ˆ1) − (1, 0, ˆ−1) + (1, 0, ˆ1)
− (ˆ−1, ˆ2, ˆ−1) + (3, 0, ˆ1) − (3, 0, ˆ−1)
+ (1, ˆ2, 1) − (ˆ−1, 0, 1) + (ˆ1, 0, 1)
− (3, ˆ2, 3) + (ˆ1, 0, 3) − (ˆ−1, 0, 3)
− (1, ˆ2, ˆ1) + (1,∆w, ˆ−1) − (ˆ−1,∆w, ˆ−1)
+ (3, ˆ2, ˆ−1) − (3, ˆ4, ˆ1) + (ˆ1, ˆ4, ˆ1)
− (ˆ1, ˆ2, 1) + (ˆ−1,∆w, 1) − (1,∆w, 1)
+ (ˆ−1, ˆ2, 3) − (ˆ1, ˆ4, 3) + (3, ˆ4, 3)
Table I: All combinations of signs σp = ± and energy ar-
guments (Ea, Eb, Ec) summed over in Eq. (38) for the even-
parity state, where ˆn = n + ∆w and n = En − E0.
arbitrary charging energy Ec. In the ground state, no
quasiparticles are thermally activated but virtual excita-
tions remain possible. For simplicity, we here only keep
q = 0 quasiparticles26 and consider the case ΓL = ΓR =
Γ. The ground-state energy of the isolated dot can then
be expressed in terms of the energies
En = Ec(2N −N0 + n)2, n ∈ Z, (37)
where the Cooper pair number N follows from the rela-
tion −3/2 < 2N − N0 < 1/2. Using δ ≡ 2N − N0, for
−1/2 < δ < 1/2, the ground state |e〉 has energy E0 and
even parity, i.e., the d state is empty. Otherwise, we have
an odd-parity state, |o〉 = d†|e〉, with energy E1.
Some straightforward but lengthy algebra yields from
Eq. (24) the CPR announced in Eq. (1). For the even-
parity state |e〉, the critical current is
Ic =
e∆
~
∆|Γ|2
2
24∑
p=1
σpQip
(
Eap , Ebp , Ecp
)
. (38)
All signs σp = ± and energies (Ea, Eb, Ec) entering the
real-valued Q functions are given in Table I, where
Qip =
ˆ
dωdω′
(2pi)2
fωfω′
iω + Ea
×

1−δEb,0
Eb(iω′+Ec)
, ip = 1,
1
(iω+Ec)(iω+iω′+Eb)
, ip = 2,
1
(iω′+Ec)(iω+iω′+Eb)
, ip = 3.
For the odd-parity state |o〉, Ic follows from Eq. (38) with
a particle-hole transformation, n → −(n−1), in Table I.
The critical current Ic in Eq. (38) is shown in Fig. 2 as
a function of δ. For half-integer δ, two charge states
become degenerate and |Ic| shows resonance enhance-
ment. While for small Ec, we find a small positive and
δ-independent Ic, these resonances become very narrow
for large Ec, with Ic close to zero unless δ is nearly half-
integer. The parity-sensitivity of Ic, i.e., the sign change
of Ic between δ ≈ −1/2 and δ ≈ 1/2 (mod 2), see Fig. 2,
may then provide an experimentally detectable signature
for MBSs.
VI. CONCLUSIONS
In this work, we have shown that under generic con-
ditions, a supercurrent blockade occurs in S-TS Joseph-
son junctions made by coupling an s-wave BCS super-
conductor and a topologically nontrivial superconduct-
ing wire with Majorana end states. In the S-TS-S junc-
tion, this blockade imposes severe restrictions; in par-
ticular, quasiparticle excitations are necessary to have a
Josephson effect. For the noninteracting case, the an-
alytical solution for the current-phase relation has been
presented. It shows that the 4pi-periodic Josephson effect
is absent in S-TS-S junctions. For weak tunneling, the
CPR is pi-periodic with a negative critical current, while
a finite charging energy results in the anomalous CPR
I(ϕ) = Ic cosϕ. The parity sensitivity of Ic could then
be used to detect the Majorana states in supercurrent
measurements. We hope that our predictions will soon
be tested experimentally.
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